Symmetry plays important role in the topological states of quantum matter. We calculate the symmetries of Kitaev chain in the presence and absence of interaction and classify them within the ten symmetry classes of topological insulators and superconductors. Cartan has found the three symmetry class, Altland and Zirnbauer have extended it to the ten fold symmetry class for mesoscopic systems. We observe the emergence of a new symmetry class for Kitaev chain in the presence of interaction. We call the extra symmetry class as X, i.e, expanding the way of more than ten fold symmetry class for topological state of quantum matter.
Symmetry plays important role in the topological states of quantum matter. We calculate the symmetries of Kitaev chain in the presence and absence of interaction and classify them within the ten symmetry classes of topological insulators and superconductors. Cartan has found the three symmetry class, Altland and Zirnbauer have extended it to the ten fold symmetry class for mesoscopic systems. We observe the emergence of a new symmetry class for Kitaev chain in the presence of interaction. We call the extra symmetry class as X, i.e, expanding the way of more than ten fold symmetry class for topological state of quantum matter.
arXiv:1810.07618v1 [cond-mat.str-el] 17 Oct 2018
I. INTRODUCTION
A symmetry is a transformation, which leaves the physical system invariant. These transformation includes translation, reflection, rotation or scaling etc. One of the most important implication of symmetry in physics is the existence of conservation laws. For every global continuous symmetry there exists an associated conserved quantity [1] . In quantum mechanics symmetry transformation can be represented on the Hilbert space of physical states by an operator that is either linear and unitary or anti-linear and anti-unitary [2] . Any symmetry operator acts on these states and transforms them to new states. These symmetry operators can be classified as continuous (rotation, translation) and discrete (parity, lattice translations, time reversal), where continuous symmetry transformations give rise to conservation of probabilities and discrete symmetry transformations give rise to the quantum numbers. Another important implication of symmetry in quantum mechanics is the symmetry on exchanging the identical particles [3] . This allows one to classify the elementary particles as bosons, where the wavefunction is symmetric on exchange, and fermions, where the wavefunction is anti-symmetric on exchange. In relativistic quantum mechanics symmetry group of space-time translations, rotations, and boosts to moving frames leads to the massive and massless classification of elementary particles [4] . This symmetry analysis further reveals that the massless spinning particles are fundamentally different from massive particles and it requires gauge theories to describe massless spinning particles [5] . Symmetries also helps in the greater understanding of quantum condensed matter systems. The study of ferromagnetic, anti-ferromagnetic behavior of the materials, superconductivity and quantum Hall system has revealed the importance of symmetries in physics [6] [7] [8] [9] . One of the main theme in condensed matter physics is the classification of different phases of matter and the study of transition between them. In order to build a theory to classify the different states of matter, Landau, in the year 1950 developed a theory called Landau's theory of spontaneous symmetry breaking based on the idea of order paramter [10] . According to Landau the phase transition always occurs with the spontaneous breaking of symmetry, in other words, if two phases cannot be continuously connected without crossing a phase boundary, they must have different symmetries. Landau's theory of spontaneous symmetry breaking was not the complete picture of classifying the different states of matter. In fact, at any finite temparature, symmetry of many-body systems cannot be spontaneously broken in dimension d ≤ 2 [11, 12] . After the discovery of quantum Hall effect [13, 14] , the new way of classifying the different states of matter based on their topological properties has been developed. Even in this classification system symmetry plays an important role. Among vast variety of topological phases one can identify an important class called symmetry protected topological (SPT) phase, where two quantum states have distinct topological properties protected by certain symmetry. Under this symmetry constraint, one can define the topological equivalent and distinct classes. Hamiltonians which are invariant under the continuous deformation into one another preserving certain symmetries are the topological equivalant classes. The TIs (Topological insulators) and TSCs (Topological superconductors) are characterized by the symmetry protected gapless boundary states. More specifically, one can define TIs as, "gapped phases of non-interacting fermions characterized by gapless boundary modes that are robust against any symmetrypreserving perturbation of the Hamiltonian that does not close the bulk gap" [15] . SPT quantum states can arise either from local non-spatial symmetry such as time-reversal symmetry (in the case of spin-orbit induced topological insulators) or nonlocal spatial symmetries such as rotation, reflection, or other space group symmetries [16] . Rock-salt semiconductor SnTe is one of the important experimental realization of topological phase where surface states are protected by reflection symmetry [17] [18] [19] [20] . Another topological quantum states i.e, topological superconductors are also have fully gapped bulk but gapless conducting surface states. These surface states in case of TSCs are Bogoliubov quasiparticles with equal parts of electron and hole excitations. Because of the particle-hole symmetry of the superconductors these zero energy Bogoliubov quasiparticles can be realized as the Majorana zero modes [21] [22] [23] . However there are some promising proposals for this purpose [24] [25] [26] . Another example of SPT states is the topological nodal systems, which are protected by the non-spatial symmtetries and spatial lattice symmetries. Nodal noncentrosymmetric superconductors are the one of the realization of the materials of this kind [27, 28] . Different SPT states can be well understood with the local (gauge) non-spatial symmetries such as, timereversal (TR), particle-hole (PH) and chiral. In general non interacting Hamiltonians can be classified in terms of symmetries into ten different symmetry classes [29] . A particular symmetry class of a Hamiltonian is determined by its invariance under time-reversal, particle-hole and chiral symmetries. This is because TR and PH are the anti-unitary symmetries which cannot be removed by the block-diagonalization of the Hamiltonian. Chiral symmetry is the unitary symmetry anti-commuting with the Hamiltonian and it is defined as the product of TR and PH symmetries. Thus the study of TR, PH and chiral reveals important toplogical characters of SPT states. In this study we consider a special kind of interaction, which introduce an extra symmetry class over the existing ten fold symmetry class of topological state of matter. At the same time, we want to raise the question that the symmetry classification for the interacting system should be different from the non-interacting symmetry classification. Plan of this research article : We present the basic aspects of symmetries for fermionic systems in section II. In section III, we present the model Hamiltonian. In section IV we present the results and discussion of the symmetries in absence of interaction. The results and discussion of the symmetries in the presence of interaction is discussed in the section section V. In the appendix we present the symmetry classes of BdG Hamiltonian, contradictory proof of chiral symmetry and the proof of the existance of chiral symmetry.
II. SYMMETRIES IN FERMIONIC SYSTEMS
For the completeness of this study, at first we present the basic aspects of the symmetry explicitly before we proceed further to present our results. In fermionic systems one can write the second quantized Hamiltonian for non-superconducting systems using the fermionic annihilation or creation operators, which obey the canonical anti-commutation relation ψ i , ψ † j = δ ij , as
where H is the first quantized N × N matrix. In quantum mechanics a symmetry operation is represented by the operator acting on the Hilbert space. Thus the symmetry transformation on the fermion operator can be represented as,
If the system is invariant under the transformation of O then the canonical anti-commutation relation and the Hamiltonian H should be preserved, i.e,
operation O can be either spatial or non-spatial. When O is spatial i.e, O = Π i O i , it acts on each lattice site separately, otherwise it is called non-spatial or internal symmetry transformation. The second quantized Hamiltonian for superconducting system can be described in terms of single-particle s-wave pairing mean field Hamiltonian or Bogoliubov-de Gennes (BdG) Hamiltonian,
where Ψ † , Ψ are the four component Nambu spinors instead of complex fermion operators. H BdG is first quantized Bogoliubov-de Gennes Hamiltonian which governs the dynamics of Bogoliubov quasiparticle and is given by,
This BdG theory has an intrinsic particle-hole constraint. Below we discuss some of the non-spatial symmetry transformations which are important in the understanding of the symmetry protected topological states.
A. Time-reversal symmetry
Time-reversal symmetry is an anti-unitary transformation which reverses the arrow of time.
where T is time-revrsal operator. If a system with Hamiltonian H, is invarient with the reversal of time then we have the following commutation relation,
The time-reversal operatoe does not affect the position but it reverses the sign of momentum and also it acts as the complex conjugate operator(K).
Since T is an anti-unitary operator we can represent it as a product of unitary(U ) and complex conjugate operators, i.e, T = U K. For spinless particles we can represent time-reversal operator as the complex conjugate operator and we have T 2 = 1,
For spin-1 2 particles we have T 2 = −1 and the operator is represented as,
Square of the time-reversal operator equals to negetive of identity which yields to Kramers' degeneracy. According to that every state is doubly degenerate and one state is time-reversal of another. Thus the system becomes time-reversal invariant [30, 31] .
B. Particle-hole symmetry
Particle-hole (PH) symmetry is a transformation between electrons and hole within certain energy range. If a Hamiltonian has PH symmetry then we have the following anti-commutation relation [15, 31, 32] ,
The PH operator is anti-unitary operator with C 2 = 1 and it is represented by,
Systems with SU (2) spin symmetry will have PH symmetry operator as,
In this case we have the square of the PH symmetry as, C 2 = −1. In the presence of PH symmetry each eigen-function Ψ with E > 0 has its particle-hole reversed partner, CΨ with E < 0. The PH symmetry is an intrinsic property of the mean field theory of superconductivity. One can observe this in the case of Bogoliubov-de Gennes (BdG) Hamiltonians.
C. Chiral symmetry
The product of time-reversal operator (T ) and particle-hole (C) leads to a third kind of symmetry called chiral symmetry(S) or sub-latticle symmetry. The symmetry operator is given by,
It is an unitary symmetry tranformation which anticommutes with the Hamiltonian with S 2 = 1,
Chiral symmetry rersults in the symmetric spectrum. From the Table 1 one can observe that the presence of any one of the symmetry among TR and PH results on the absence of chiral symmetry. Also absence of both TR and PH symmetries results in either presence or absence of chiral symmetry [15] . Based on the behaviour of Hamiltonian with the TR, PH and Chiral symmetries, it is classified in ten symmetry class [29] . Table I shows the ten symmetry classes of non-interacting Hamiltonian. One can identify for given spatial dimension d, of a system and given set of symmetries, which symmetry class it belongs to and its topological properties. Z and Z 2 are the topological invariant numbers which takes the integer values (Z = 0, ±1, ±2, .... and Z 2 = ±1), and it represents the topological distict phases within a given symmetry class. 
III. MODEL HAMILONIAN
We conside the Kitaev chain as our model Hamiltonain [23] . Its Bloch Hamiltonian has the matrix form as,
where t is hopping matrix element, µ is chemical potential and ∆ is superconducting gap. Now we study the symmetries of this Hamiltonian and observe in which symmetry class the Hamiltonian belongs to in Table  I . We observe that the Hamiltonian H(k) is Bogoliubov-de Gennes (BdG) Hamiltonian since,
A BdG Hamiltonian in general possesses the different symmetry classes based on the different constaints. Detailed discussion is relegated to the appendix.
A. Model Hamiltonians for the present study
Here we consider the interaction which is linear in momentum. Our study is only for the theoretical interest. This linear in momentum interaction contains many importanat results and will help in the quantum simulation procces. At first we consider the origin of this interaction with the spinless background. Thus the Kitaev chain with interaction can be written as,
The physics of quantum simulation is in the state of the art to simulate different kind of quantum many-body systems with interactions [35] [36] [37] [38] . Thus the interaction above may help in the effective quantum simulation of the system. Also the addition of interaction to Hamiltonian results in the breaking of the periodicity of the Brillouin's zone, i.e, E(π) = E(−π). First case: Here we consider the interaction in the component of σ x .
6
Here interaction term is added to the kinetic component of the Hamiltonian. Second case: Here we consider the interaction in the component of σ y
Here interaction term is added to the potential component of the model Hamiltonian.
Third case: For the sake of theoretical exercise, we consider the interaction for both the components i.e, in the σ x component and also in the σ y component of the Hamiltonian. Hamiltonian takes the form,
All these three Hamiltonians in the presence of interaction preserves the Hermiticity of the system.
IV. RESULTS OF SYMMETRIES FOR THE KITAEV CHAIN
At first we discuss the basic symmetry aspects for the Kitaev chain,
Thus, the model Hamiltonian obeys time-revarsal symmetry.
B. Particle-hole symmetry
Thus, the Hamiltonian obeys particle-hole symmetry. From the appendix C, we observe that the Hamiltonian also obey the condition for chiral symmetry. Thus H(k) satisfies the condition for all the three symmetries and falls under the symmetry class BDI of Table 1. Table 2 shows the symmetry table for the Hamiltonian H(k). Z is topological invariant number which takes the integer vales. Each value of Z indicates a set of H(k) which can be interpolated continuously without breaking the symmetries and without closing the energy gap. One can tune the parameters of H(k) to get gapless state. This closing the gap involve increase in Z by one unit and it defines topologically distinct set of H(k). 
V. SYMMETRY OF KITAEV CHAIN WITH INTERACTION FOR THE SPINLESS BACKGROUND
Here we consider the systems discribed by the Hamiltonians, H (1) (k), H (2) (k) and H (3) (k) as spinless systems and use spinless symmetry operators to check the existance of different symmetry classes.
First case : We consider the Hamiltonian H
(1) (k),
A. Time reversal symmetry
The Hamiltonian does not obey time-reversal symmetry.
The Hamiltonian does not obey the particle-hole symmetry. 
The Hamiltonian obey chiral symmetry.
Here we observe that the Hamiltonian H (1) (k) satisfies the condition for only chiral symmetry and it does not hold TR and PH symmetries. Thus it falls under the symmetry class AIII.
Second case : We consider the Hamiltonian H (2) (k),
Thus the model Hamiltonian obey time-reversal symmetry. 
Thus the Hamiltonian obeys charge-conjugation symmetry.
F. Chiral symmetry
Thus the Hamiltonian also obey chiral symmetry.
Here we observe that the Hamiltonian H (2) (k) satisfies the condition for all the three symmetries. Thus the Hamiltonian falls under the symmetry class BDI of Table 1 .
Third case : We consider the Hamiltonian H (3) (k),
H. Particle-hole symmetry
The Hamiltonian does not obey the particle-hole symmetry.
I. Chiral symmetry
Here we observe that the Hamiltonian H (3) (k) satisfies the symmetry condition only in the case of chiral symmetry. Thus it falls under the symmetry class AIII.
VI. SYMMETRY OF KITAEV CHAIN WITH INTERACTION FOR THE HIGHLY POLARIZED SPINFULL BACKGROUND
One can simulate many quantum many body systems with highly polarized spinfull case which acts as spinless fermion case. Since the background is spin, we consider the Hamiltonians H (1) (k), H (2) (k) and H (3) (k) in a spinfull systems with symmetry operators T = iσ y K for TR, C = σ x K for PH and S = σ x for chiral symmetries.
First case : The matrix form of our model Hamiltonian with interaction (α),
The Hamiltonian obeys chiral symmetry.
Here we observe that the Hamiltonian H (1) (k) satisfies the symmetry condition only in the case of chiral symmetry. Thus it falls under the symmetry class AIII.
D. Appearence of a new symmetry class
Thus the model Hamiltonian breaks time-reversal symmetry. 
Thus the Hamiltonian obeys particle-hole symmetry.
3. Chiral symmetry
Here we observe that the Hamiltonian H (2) (k) satisfies the symmetry condition for both PH and chiral symmetry. This is an interesting result since this set of symmetry does not belong to any symmetry class of Table 1 . If we look at the energy disperssion of H (2) (k), we observe that there is gapless state only for the condition µ = −2t at k = 0. At k = ±π there is no gapless state. In Table 1 one can observe that presence of chiral symmetry only in the presence or absence of both TR and PH symmetries. There is no symmetry class with one among TR and PH along with chiral symmetry. But this symmetry class has PH symmetry along with chiral symmetry.
Third case : We consider the Hamiltonian H (3) (k), 
F. Particle-hole symmetry
The Hamiltonian does not obey particle-hole symmetry.
G. Chiral symmetry
Thus, the Hamiltonian obey chiral symmetry.
VII. CONCLUSION
We have done the extensive study of the symmetries of non-interacting and interacting Kitaev chain. We consider three possible model Hamiltonians and study the symmetries for each case. We observe that for the highly polarized spinfull case the Hamiltonian H (2) (k) shows a new symmetry class. We have tried to expand the ten fold way of symmetry class.
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APPENDIX A : SYMMETRY CLASSES OF A BDG HAMILTONIAN
In general BdG Hamiltonians can fall under one among the following symmetry classes. Class D : The BdG Hamiltonians are described in terms of Nambu spinors,
where Ψ and Ψ † obey the the canonical anti-commutation relation Ψ i , Ψ † j = δ ij . This Nambu spinors Ψ and Ψ † are not independent to each other. This dependency gives a contraint on the Hamiltonian of the system as,
where σ x is one of the Pauli matrix. This constraint is built-in feature of BdG Hamiltonians that originates from Fermi statistics. Thus single-particle BdG Hamiltonians are characterized by the PH constraint. Class DIII : Set of BdG Hamiltonians with TRS forms class DIII. The TRS condition implies,
where σ y is Pauli spin matrix. Thus the class DIII Hamiltonian have both the constraints (eq.48 and eq.47).
The combined PHS and TRS give rise to chiral symmetry of the form σ x σ y Hσ x σ y = H. When TRS operators, T 2 = +1, it represents BDI symmetry class. Classes A and AIII : The BdG Hamiltonians with a U (1) spin-rotation symmetry around the S z axis in spin space has no constraints and,
Unlike class D, here Ψ and Ψ † are independent to each other. Thus the Hamiltonian H without any constraint forms class A. With the independent nature of Ψ and Ψ † one can write, Ψ † ↓,↑ → Ψ ↓,↑ . Also by imposing TRS one can obtain,
Thus by imposing, Ψ † ↓,↑ → Ψ ↓,↑ , and TRS we have the effect which can be interpreted as the combination of TRS and PHS. In other words the system has the effective chiral symmetry. Thus the BdG Hamiltonians with this chiral symmetry forms class AIII. Class C and CI : The BdG Hamiltonians with SU (2) spin rotation symmetry forms the group C and CI. The spin rotataion O φ around the S x transforms Ψ into,
also spin rotataion O φ around the S y transforms Ψ into,
Spin rotation by π around S x and S y acts as a discrete PH transformation. For single-particle Hamiltonian H this leads to,
The Hamiltonians with this constraints form the symmetry class C. Now by imposing TR symmetry, which combined with PH symmetry gives,
The BdG Hamiltonians with this condition forms symmetry class CI.
APPENDIX B : CONTRADICTORY PROOF FOR THE EXISTANCE OF THE CHIRAL SYMMETRY
We know that a Hamiltonian with spin basis which has two nonzero components has chiral symmetry defined by the operator value of zero components of the Hamiltonian. Which implies any Hamiltonian with all three components are nonzero has no chiral symmetry. We consider eq.14 with H x (k) = 0.
with,
Now we check for the anti-commutation relation (eq.17) between σ x and H(k), 
Similarly, H(k)σ x = −2t cos(k x ) − 2t cos(k y ) − µ ∆(sin(k x ) − i sin(k y )) ∆(sin(k x ) + i sin(k y )) 2t cos(k x ) + 2t cos(k y ) + µ 0 1 1 0 = ∆(sin(k x ) − i sin(k y )) −2t cos(k x ) − 2t cos(k y ) − µ 2t cos(k x ) + 2t cos(k y ) + µ ∆(sin(k x ) + i sin(k y ))
Thus we have,
Thus the Hamiltonian H(k) with all the three nonzero components in the spin basis has no chiral symmetry.
APPENDIX C : PROOF FOR THE EXISTANCE OF CHIRAL SYMMETRY
Proof 1 : One can write the 2×2 BdG Kitaev Hamiltonian (eq.14) in the spin basis as,
here b(k) is an effective Zeeman field and τ is pauli spin matrices in particle-hole space. From eq.10 we have the components, b x (k) = 0, b y (k) = 2i∆ sin(k) and b z (k) = −2t cos(k) − µ. Only two of the three Pauli matricces are involved here, thus one can have an anti-commutation relation between σ x and H(k), {σ x , H(k)} = 0. This defines the chiral symmetry with the operator σ x [33, 34] .
Now we check for the condition, 
Finally we have,
A similar calculation for σ y and σ z gives,
Thus we can conclude that the Hamiltonian H(k) has chiral symmetry which anti-commutes with the Hamiltonian. One can also prove this with contradictory assumption with an example, the detailed calculation is relegated to the appendix. Proof 2 : If the Hamiltonian H(k) has chiral symmetry then the trace of the Hamiltonian is zero [31] , i.e, T rH(k) = 0, T rH(k) = −2t cos(k) − µ − (2t cos(k) + µ) = 0.
This also confirms the existance of chiral symmetry for the Hamiltonian H(k).
With the above proofs one can confirm the existance of chiral symmetry for eq.14. Now we check for the TR and PH symmetries in the following section. Since the system described by eq.14 is spinless system [23] we use spinless operators for TR, PH and chiral symmetries.
[1] Emmy Noether, Invariant variation problems, Gott. Nachr. 
